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Abstract
We study second order relativistic viscous hydrodynamics in 4-dimensional conformal field
theories. We derive Kubo-type relations for second order hydrodynamic coefficients in terms of
3-point stress tensor retarded correlators. ForN=4 super Yang-Mills theory at strong coupling
and at finite temperature we compute these stress tensor 3-point correlators, using AdS/CFT,
by evaluating real-time cubic Witten diagrams in the AdS-Schwarzschild background. The
small momentum expansion of the 3-point correlators in terms of first and second order hydro-
dynamic coefficients is matched with the AdS result. We arrive at the same expressions for the
hydrodynamic coefficients which multiply terms quadratic in the shear and vorticity tensors
in the hydrodynamic expansion of the stress tensor as did Bhattacharyya, Hubeny, Minwalla
and Rangamani [1]. Our method extends the results of Baier et al [2], and allows for a unified
treatment of hydrodynamic coefficients, which are extracted from 2-, and now, 3-point retarded
stress tensor correlators in the AdS-Schwarzschild background.
∗E-mail addresses: parnold, dv3h, cw2an, wx2m@virginia.edu
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1 Introduction and Summary
One of the most familiar applications of AdS/CFT [3], [4] is computing linearized hydrodynamics
for a variety of gauge theories with holographic duals (see [5] and references therein). More re-
cently, second order hydrodynamic coefficients have been extracted using two different methods.
Baier et al [2] used Kubo-like formulae for 2-point stress tensor correlators to access a certain
subset of second-order hydro coefficients of N=4 super Yang-Mills plasma. Their computation
was made possible by a real-time finite temperature prescription for computing 2-point correlators
[6, 7]. On the other hand, Bhattacharya et al [1] wrote a generalized black brane metric ansatz,
dependent on the temperature and the black branes velocity viewed as collective fields, and turned
the Einstein equations of motion solved perturbatively in the collective modes near the AdS bound-
ary into equations of fluid dynamics. Specifically, the gravitational stress tensor, expanded near the
boundary of AdS, took the form of a non-linear fluid dynamics stress tensor, with the various terms
in the expansion in velocity and gradients multiplied by the corresponding hydrodynamic coeffi-
cients. The subsets of hydro coefficients computed by [2] and [1] agreed where they overlapped,
and between them determined the full set of coefficients. By now, the second order hydrodynamic
coefficients have been computed following [1] in a variety of cases: at finite chemical potential
[8, 9], or in the presence of fundamental matter [10]. For recent review papers see [11] and [12].
The breakdown of second order hydrodynamics is investigated in [13].
Our work is intended as a continuation of [2], where Kubo-like formulae are used in con-
junction with higher-order stress tensor correlators to extract the second order hydro coefficients
computed by [1]. We first derive the necessary Kubo relations using the method of Moore and
Sohrabi [14]1, then compute 3-point retarded stress tensor correlators in the hydrodynamic regime
(i.e. in the limit of small momenta) in the AdS-Schwarzschild background which is dual to
finite-temperature strongly coupled N=4 super Yang-Mills in the limit of large number of col-
ors Nc ≫ 1. In other words, as opposed to [1], we do not deform the gravitational background,
but instead compute higher-order correlators in the background. The problem of computing such
higher-order real-time finite temperature correlators was solved in [15]. For momentum-space
retarded 3-point stress tensor correlators this amounts to computing real-time Witten diagrams,
depicted in Fig. 1b, with three causal (two advanced and one retarded) graviton bulk-to-boundary
propagators, joined at a bulk vertex which is integrated up to the black hole horizon (i.e. in the
maximal causal diamond)2.
To set up the problem, let us begin by revisiting some of the definitions and results of [2, 14].
The stress tensor of a conformal fluid can be written in terms of an equilibrium piece plus an
extra term, which in the hydrodynamic regime can be series-expanded in gradients:
T µν = T µνeq +Π
µν , T µνeq = (ǫ+ P )U
µUν + Pgµν (1)
Πµν = −ησµν + ητΠ
(
〈U · ∇σµν〉 + 1
3
(∇ · U)σµν
)
+ κ
(
R〈µν〉 − 2UρUσRρ〈µν〉σ
)
+λ1σ
〈µ
ρσ
ν〉ρ + λ2σ
〈µ
ρΩ
ν〉ρ + λ3Ω
〈µ
ρΩ
ν〉ρ + . . . (2)
1Readers should be warned that there is an error in the derivation of the Kubo relations for λ1, λ2 and λ3 in [14].
Specifically, they left out the (ǫ + P )UxUx + Pgxx term in deriving their T xx. Also, U i = O(h2) only in the static
limit.
2See also [16] for similar causality considerations and [17] for a different take on this subject.
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Figure 1: Witten diagram for (a) 3-point correlator in imaginary time AdS-Schwarzschild and (b)
retarded 3-point correlator of type raa with the boundary point x having the largest time; x1 and
x2 can have any time order.
Here Uµ is the fluid’s velocity, normalized such that
UµUνgµν = −1, (3)
and Πµν is defined such that UµΠµν = 0. gµν is the background metric, whose curvature tensor is
Rρµν
σ
, and all derivatives are covariant with respect to the background metric. σµν , Ωµν are the
shear and vorticity tensors respectively:
σµν = 2∇〈µUν〉 ≡ ∆µρ∆νσ(∇ρUσ +∇σUρ)− 23∆µν∆ρσ∇ρUσ (4)
Ωµν = 1
2
∆µρ∆νσ(∇ρUσ −∇σUρ) (5)
where ∆µν are transverse (to the fluid’s velocity) projectors:
∆µν = gµν + UµUν . (6)
Angular brackets denote transverse projection, followed by symmetrization and removal of a trace:
O〈µν〉 = 1
2
∆µρ∆νσ(Oρσ +Oσρ)− 13∆µν∆ρσOρσ (7)
For a conformal fluid, energy density and pressure are related by the condition that the stress tensor
is traceless, and so ǫ = (d− 1)P , where d is the number of space-time dimensions.
In [14], the fluid’s response to a small metric perturbation was computed by solving the stress
tensor conservation law
∇µT µν = 0, (8)
together with the condition that the fluid describes a conformal theory,
T µµ = 0, (9)
3
order-by-order in a double series expansion in the metric fluctuation and in gradients. This expan-
sion of the stress tensor is then compared with
〈T µν(z)〉h = 〈T µν〉h=0 − 12
∫
d4xGµν|ρσra (z;x)hρσ(x)
+ 1
8
∫
d4x
∫
d4yGµν|ρσ|τζraa (z;x,y)hρσ(x)hτζ(y) + . . . (10)
where Gµν|...ra···a are retarded n-point correlators, with the measurement point z having the largest
time. We assume the metric fluctuations hρσ vanish in the far past. To avoid clutter, for the
rest of the paper we will suppress the ra, raa subscripts signifying retarded correlators3 with the
understanding that all the correlators we compute are of this type.
By identifying the two series expansions, namely the solution to (8,9) and the expansion in
retarded correlators (10), one gains access to the hydrodynamic expansion coefficients in terms of
causal stress tensor correlators. For example, the shear viscosity, η, can be computed from 2-point
correlators expanded to linear order in gradients [19]. Similarly, ητΠ and κ can also be computed
from 2-point correlators, expanded to second order in gradients [2]. λ1, λ2 and λ3 require 3-point
correlators, expanded to second order in gradients [14].
Since solving (8) is easier in momentum space, we will write the solution to (8) and (9) as a
series expansion in momenta. For a direct comparison with the response of the stress tensor we
need then the Fourier transform of (10):
〈T µν(q)〉h = 〈T µν〉h=0 − 12
∫
d4q1
1
(2π)4
δ4(q − q1)Gµν|ρσ(q;−q1)hρσ(q1)
+ 1
8
∫
d4q1
∫
d4q2
1
(2π)4
δ4(q − q1 − q2)Gµν|ρσ|τζ(q;−q1,−q2)hρσ(q1)hτζ(q2) + . . .
(11)
where we have used translation invariance to factor out momentum conservation delta-functions.
In a 3-point function, there are two independent momenta, and the spatial momenta could point in
different directions. However, for simplicity, we will assume that they both point in the z direction
(i.e. we consider metric fluctuations which are independent of the x, y coordinates):
q
µ
1 = (ω1, 0, 0, k1), q
µ
2 = (ω2, 0, 0, k2). (12)
The purpose of this paper is to obtain the remaining second order hydrodynamic coefficients λ1, λ2
and λ3 from 3-point stress tensor correlators. We will find it simplest to study the xy-component
〈T xy〉h and will extract second-order hydrodynamic coefficients from Gxy|..|..:
lim
ω1→0
ω2→0
∂ω1∂ω2 lim
k1→0
k2→0
Gxy|xz|yz = −λ1 + ητΠ
lim
ω1→0
k2→0
∂k2∂ω1 lim
ω2→0
k1→0
Gxy|yz|0x = −1
4
λ2 +
1
2
ητΠ
lim
k1→0
k2→0
∂k1∂k2 lim
ω1→0
ω2→0
Gxy|0x|0y = −1
4
λ3. (13)
3 For a nice summary of the (r, a) notation see [18].
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We will find that the leading order AdS/CFT computation of the correlators leads to the same
expressions for λ1, λ2, λ3 as those previously obtained by [1]:
λ1 =
N2c T
2
16
, λ2 = −N
2
c T
2 ln 2
8
, λ3 = 0. (14)
The paper is organized as follows. In Section 2 we derive the Kubo relations given in (13).
More Kubo formulae can be found in Appendix B. In Section 3 we use AdS/CFT to evaluate the
stress tensor correlators. We begin with a review of 2-point stress tensor correlators, and we com-
ment how the hydrodynamic expansion of the retarded correlators and the AdS/CFT expressions
are matched term-by-term in a gradient (small momenta) expansion. Then we present a similar re-
sult for the 3-point retarded stress tensor correlators which appear in (13), with the final result for
the second-order hydro coefficients given by (14). Technical details are relegated to appendices.
For example, the ητΠ contribution to (13) is derived in Appendix A. The graviton bulk-to-boundary
propagators, expanded up to third order in momenta, are given in Appendix C. A few 2-point cor-
relators are discussed in the text, but the rest of them are presented in Appendix D. Lastly, the
on-shell (first, second and third order) gravitational action is given in Appendix E.
We use the following conventions: five-dimensional tensors, which live in the AdS-Schwarzschild
geometry, have indices given by K,L,M, · · · = 0, 1, 2, 3, 5 = t, x, y, z, u; four-dimensional space-
time indices are µ, ν, · · · = 0, 1, 2, 3; three-dimensional spatial indices are i, j, · · · = 1, 2, 3 =
x, y, z. 4-vectors are denoted by bold letters (x, q), and 3-vectors with an arrow (~x). We use a bar
to denote background values, in both the field theory and in the holographic dual. E.g. ǫ¯ is the field
theory background energy density, and g¯MN denotes the background AdS-Schwarzschild metric.
For simplicity of notation, for the rest of the paper we will also work in units where 2πT = 1.
2 Kubo formulae for λ1, λ2 and λ3
2.1 The fluid velocity to leading order in the metric fluctuations and gradi-
ents
We begin by assuming that the fluid is initially in equilibrium in a flat space-time background,
which is briefly distorted by a small gravitational perturbation:
gµν = ηµν + hµν , ǫ = ǫ¯+ δǫ, P = P¯ + δP (15)
where hµν(t, z) is a small metric fluctuation, and δǫ, δP are the induced energy density and pressure
variations. In this section we will keep things general, and we will not enforce P¯ = 1
3
ǫ¯ until the
end. We take the fluid to be initially at rest
U = U¯ + δU, U¯µ = (1,~0), (16)
and so the background transverse projectors are simply
∆¯ij = δij, ∆¯0i = ∆¯00 = 0. (17)
From the normalization condition UµUµ = −1 we get the temporal component
U0 = 1 + 1
2
h00 +O(h
2). (18)
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The spatial components U i are determined from the stress tensor conservation law:
0 = ∇µT µν = [∂µ(ǫ+ P )]UµUν + (∂µP )gµν + (ǫ+ P )∇µ(UµUν) +∇µΠµν , (19)
where
∇µ(UµUν) = ∂µ(UµUν) + ΓµµσUσUν + ΓνµτUµU τ . (20)
To leading order in the metric fluctuations, this can be simplified using
[∂µ(ǫ+ P )]U
µUν + (∂µP )g
µν = ∂µ(ǫ+ P )U¯
µU¯ν + (∂µP )η
µν +O(h2) (21)
by noting that ∂ǫ and ∂P are O(h).
First consider the ν =⊥≡ x, y case and keep only terms through O(h) in (19). Since U¯⊥ = 0
and ∂⊥ = 0, the first two terms in (19) vanish at O(h) by (21). Using (20), and noting that both
U⊥ and Γ are O(h),
∇µ(UµU⊥) = ∂µ(U¯µU⊥) + Γ⊥µτ U¯µU¯ τ +O(h2)
= U˙⊥ + h˙0⊥ +O(h
2), (22)
where we use dots as shorthand for time derivatives. Now use the fact that
U⊥ = g⊥νU
ν = g⊥0U
0 + g⊥⊥U
⊥ +O(h2) = h⊥0 + U
⊥ +O(h2) (23)
to rewrite this as
∇µ(UµU⊥) = U˙⊥ +O(h2). (24)
Putting it all together (along with the fact that Πµν is O(h) and so ∇Π ≃ ∂Π), the transverse
case of the conservation law (19) is
(ǫ¯+ P¯ )U˙⊥ + ∂µΠ
µ⊥ = O(h2). (25)
This simplifies to
(ǫ¯+ P¯ )U˙⊥ + ∂zΠ
z⊥ = O(h2), (26)
since Πµν has only spatial components at O(h) and ∂⊥ vanishes.
Our goal will be to work to leading order in frequencies ω and leading order in spatial momenta
k, without assuming anything about the relative size of ω and |k|. (That is, we want to be able to
handle ω ∼ k2 and ω ∼ |k| and ω = 0 and k = 0 on an equal footing.) In (26), we have explicitly
kept the term which is leading order in time derivatives of U . We now need the term that is leading
order in spatial derivatives of U . That comes from the first-order hydro terms in ∂iΠi⊥.
So consider the first order hydro expansion of Πµν :
Πµν1st = −ησµν − ζ∆µν∆αβ∇αUβ
= −η∆µα(∇αUβ +∇βUα)∆βν + (23η − ζ)∆µν∆αβ∇αUβ , (27)
where ζ is the bulk viscosity and ζ = 0 for a conformal theory. At first order in h,
Πij1st = −η(∇iUj +∇jUi) + (23η − ζ)δij∇kUk +O(h2), (28)
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and in particular
Πz⊥1st = −η(∂zU⊥ + ∂0hz⊥ − ∂zh0⊥) +O(h2). (29)
Putting this together with (26), we get
(ǫ¯+ P¯ )U˙⊥ − ηU ′′⊥ − η∂z(h˙z⊥ − h′0⊥) + ∂z(2nd order hydro effects) = O(h2), (30)
where primes are shorthand for z-derivatives. The solution is
U⊥ =
Dηk(kh0⊥ + ωhz⊥)
−iω +Dηk2 +O(ωU⊥, kU⊥, h
2), (31)
where
Dη ≡ η
ǫ¯+ P¯
(32)
is the diffusion constant associated with shear viscosity. Here (ω, 0, 0, k) is the four-momentum
associated with the factors of h. The O(ωU⊥, kU⊥) corrections listed in (31) represent corrections
due to second-order hydro, which are suppressed by additional factors of momenta4. Note that U⊥
vanishes at O(h) if one sets hµ⊥ ∝ qµ = (−ω, 0, 0, k).
This leaves us with Uz, which we will determine by solving the remaining ν = z, 0 components
of the stress tensor conservation law, to linear order in the metric fluctuation, and to leading order
in gradients. First we compute
Πzz1st ≃ −43η
[
U ′z +
1
2
(h˙zz − 12 h˙⊥⊥ − 2h′0z)
]
− ζ
[
U ′z +
1
2
(h˙ii − 2h′0z)
]
, (33)
where h⊥⊥ ≡ hxx + hyy. Then∇µT µz = 0 yields
U˙z−
(
4
3
Dη+
ζ
ǫ¯+ P¯
)
U ′′z ≃ −
P ′
ǫ¯+ P¯
+1
2
h′00+
2
3
Dη(h˙
′
zz−12 h˙′⊥⊥−2h′′0z)+
ζ
2(ǫ¯+ P¯ )
(h˙′ii−2h′′0z), (34)
while from ∇µT µ0 = 0 we get
U ′z ≃ h′0z − 12 h˙ii −
ǫ˙
ǫ¯+ P¯
. (35)
Specialize now to conformal theories (ζ = 0, P¯ = 1
3
ǫ¯). If we stay away from the sound pole
ω2 ≃ 1
3
k2, then to leading order in derivatives we can ignore Πzz1st and the Dη terms in (34), and
combine (34) and (35) to get
Uz ≃ 1
∂2t − 13∂2z
(1
2
h˙′00 +
1
6
h˙′ii − 13h′′0z). (36)
and
ǫ = ǫ¯+ 4
3
ǫ¯
∂2t − 13∂2z
(h˙′0z − 12h′′00 − 12 h¨ii) +O(h2, ωh, kh). (37)
In what follows we will derive Kubo relations for the second-order hydrodynamic coefficients
from the response of the stress tensor component T xy. From (1) and (2),
T xy = ǫ¯
[
4
3
U (1)xU (1)y + 1
3
(−hxy + hxµηµνhνy)
]
+ 1
3
(δ(1)ǫ)(−hxy) + Πxy +O(h3), (38)
where the superscript (1) denotes a contribution of order h and ǫ = ǫ¯+ δ(1)ǫ+ · · · .
4Our notation O(ωU⊥, kU⊥) assumes that the leading order in U⊥ is not zero.
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2.2 λ1
In the hydrodynamic expansion, λ1 is the shear tensor-squared coefficient:
(Πµν)λ1 = λ1σ
〈µ
λσ
ν〉λ (39)
where we will use the notation (· · · )λ1 to indicate that we are only showing terms of · · · that
depend on λ1. We will also need
σ⊥z = σ
⊥z +O(h2) ≃ (U ′⊥ − h′0⊥) + h˙⊥z, (40)
and
σxx + σyy ≃ 23(12 h˙⊥⊥ − h˙zz)− 43(U ′z − h′0z) (41)
σxy ≃ h˙xy. (42)
The λ1 dependence (T xy)λ1 of (38) comes solely from the (Πxy)λ1 term at the order shown:
(T xy)λ1 ≃ (Πxy)λ1 ≃ λ1
[
σxy(σxx + σyy) + σxzσyz
]
≃ λ1
[
2
3
h˙xy(
1
2
h˙⊥⊥ − h˙zz − 2(U ′z − h′0z)) + (U ′x − h′0x + h˙xz)(U ′y − h′0y + h˙yz)
]
.
(43)
We now want to devise a simple Kubo-like formula for extracting λ1 from some limit of a retarded
3-point correlator. To that end, note that in the limit of ~x-independent sources, hµν = hµν(t),
equation (43) simplifies to
(T xy)λ1 ≃ λ1
[
2
3
h˙xy(
1
2
h˙⊥⊥ − h˙zz) + h˙xzh˙yz
]
. (44)
In momentum space this becomes
(T xy(q))λ1 ≃ −λ1
∫
d4q1
∫
d4q2
1
(2π)4
δ4(q − q1 − q2)δ3(~q1)δ3(~q2)ω1ω2
×
[
2
3
hxy(q1)(
1
2
h⊥⊥(q2)− hzz(q2)) + hxz(q1)hyz(q2)
]
(45)
where the 4-momentum q = (ω, 0, 0, k) is associated with the measurement point, and the 4-
momenta q1 = (ω1, 0, 0, k1), q2 = (ω2, 0, 0, k2) are associated with each one of the h factors
respectively. By (11), this produces contributions to Gxy|xy|⊥⊥, Gxy|xy|zz and Gxy|xz|yz in the limit
where all three spatial momenta vanish. For the purposes of our later AdS/CFT calculation, we
will find that the least technically challenging case to calculate will be Gxy|xz|yz. So here we will
focus on finding a Kubo-like formula for λ1 in terms of Gxy|xz|yz. More Kubo-like formulas can be
found in Appendix B. Consolidating identical terms in (11) gives
〈T xy(q)〉h =
∫
d4q1
∫
d4q2
1
(2π)4
δ4(q − q1 − q2)Gxy|xz|yz(q;−q1,−q2)hxz(q1)hyz(q2)
+ other G’s. (46)
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In what follows we will suppress writing the momentum dependence of the 3-point correlator, with
the understanding that the momenta−q1,−q2 are associated with the second pair and third pair of
indices of the 3-point correlator respectively. We are now ready to compare (46) to (45) to extract
λ1:
lim
ω1→0
ω2→0
∂ω1∂ω2 lim
k1→0
k2→0
Gxy|xz|yz = −λ1 + (λ1-independent terms). (47)
We leave the derivation of the λ1-independent terms to Appendix A. The result is:
lim
ω1→0
ω2→0
∂ω1∂ω2 lim
k1→0
k2→0
Gxy|xz|yz = −λ1 + ητΠ. (48)
2.3 λ2
To evaluate the λ2 contribution to the stress tensor T xy, we need to compute
(T xy)λ2 ≃ (Πxy)λ2 ≃ λ2 12δxlδym(σlnΩmn + σmnΩln), (49)
Assuming, as we did before, that the fluctuations depend only on t, z coordinates, vorticity is
given by
Ωi
j ≃ Ωij ≃ 1
2
(∂iUj − ∂jUi) = 12

 0 0 −U
′
x
0 0 −U ′y
U ′x U
′
y 0

 . (50)
Substituting (50) and (40) into (49) we find
(T xy)λ2 ≃ 14λ2
(
− U ′x(U ′y − h′0y + h˙yz)− U ′y(U ′x − h′0x + h˙xz)
)
. (51)
Again, we are interested in finding a simple Kubo relation which is amenable to a straightforward
AdS/CFT computation. We settle on using Gxy|yz|0x and we consider sources such that hyz =
hyz(t) and h0x = h0x(z). After a substitution of U⊥ from (31) into (51), and a comparison with the
relevant terms from (11)
〈T xy(q)〉h =
∫
d4q1
∫
d4q2
1
(2π)4
δ4(q − q1 − q2) Gxy|yz|0x(q;−q1,−q2)hyz(q1)h0x(q2)
+ other G’s (52)
we are led to
lim
ω1→0
k2→0
∂k2∂ω1 lim
ω2→0
k1→0
Gxy|yz|0x = −1
4
λ2 +
1
2
ητΠ, (53)
where the λ2-independent term 12ητΠ is derived in Appendix A. Other Kubo-type relations can be
found in Appendix B.
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2.4 λ3
λ3 is the coefficient of the square of the vorticity tensor in the hydrodynamic expansion of the
stress tensor. To get λ3, we rely on computing the same component T xy:
(T xy)λ3 ≃ (Πxy)λ3 . ≃ 14λ3U ′xU ′y (54)
Substituting (31) we get
(T xy)λ3 ≃ −14λ3k1k2
Dηk1(k1h0x + ω1hzx)
(−iω1 +Dηk21)
Dηk2(k2h0y + ω2hzy)
(−iω2 +Dηk22)
. (55)
A simple way to extract λ3 from terms up to second order in momenta in the 3-point correlator (at
higher order in momenta we would need to expand the stress tensor to terms that include higher
order hydro coefficients) is to take the static limit: ω1 = ω2 = 0. Then, a comparison of (55) with
the stress tensor response in terms of Green’s functions (11), namely
〈T xy(q)〉h =
∫
d4q1
∫
d4q2
1
(2π)4
δ4(q−q1−q2)Gxy|0x|0y(q;−q1,−q2)h0x(q1)h0y(q2)+other G’s,
(56)
yields
lim
k1→0
k2→0
∂k1∂k2 lim
ω1→0
ω2→0
Gxy|0x|0y = −1
4
λ3. (57)
We will use AdS/CFT to evaluate λ3 from (57). However, for the reader’s convenience we give
other Kubo formulae in Appendix B.
3 Stress tensor correlators via AdS/CFT
The generating functional for the stress tensor correlators of N=4 super Yang-Mills theory in the
limit of large number of colors (Nc ≫ 1) and at strong coupling is the on-shell five-dimensional
gravitational action composed of the Einstein-Hilbert action, a cosmological constant term, the
Gibbons-Hawking term, and holographic renormalization counterterms [20, 21, 22, 23]:
S = N
2
c
8π2R3AdS
[ ∫
M
√−g(R−2Λ)+2
∫
∂M
√−gbdyK+a
∫
∂M
√−gbdy−RAdS
d− 2
∫
∂M
√−gbdyRbdy
]
(58)
where the values of the cosmological constant and of the volume counterterm parameter a are
Λ = −d(d− 1)
2R2AdS
and a = −2(d− 1)
RAdS
, with d = 4. (59)
The trace of the extrinsic curvature tensor can be expressed in terms of the induced metric on the
boundary (gbdy)MN = gMN − nMnN and the unit normal to the boundary nM as
K = (gMN − nMnN)∇MnN . (60)
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In general,M asymptotes to an AdS space of radiusRAdS. Since we are studying finite-temperature
super Yang-Mills theory, the backgroundM is five-dimensional AdS-Schwarzschild space [24]:
ds2 =
(πTRAdS)
2
u
(−f(u)dt2 + ~x2) + R
2
AdSdu
2
4u2f(u)
, f(u) = 1− u2. (61)
Taking advantage of the fact that the AdS radius drops out of final results, it is convenient to set
RAdS = 2 and work in units 2πT = 1 so that
ds2 =
−f(u)dt2 + d~x2
u
+
du2
u2f(u)
. (62)
Next we will evaluate the on-shell action, by expanding the metric in fluctuations δgMN (where
M,N = 0, 1, 2, 3, 5 = t, x, y, z, u) around the AdS-Schwarzschild background. In imaginary time,
AdS-Schwarzschild is smooth and non-singular, and 3-point correlators are given by Witten dia-
grams as depicted in Fig. 1a. In real time, as discussed in [25, 15], the corresponding diagrams
for retarded correlators Graa live in the right-quadrant of the Penrose diagram due to causality.
The lines in this diagram represent advanced and retarded bulk-to-boundary propagators. These
propagators are identified as solutions δgNM to the linearized equations of motion, which approach
prescribed values at the boundary u = 0 and which reduce (up to gauge terms) to purely incom-
ing/outgoing waves: e−iωt(1− u)±iω/2.
3.1 Two-point stress tensor correlators and comparison with hydrodynamic
expansion
First we will warm up with 2-point retarded correlators. We recall that the gravity fluctuations
are taken to be independent of x, y coordinates, and are slowly varying functions of t, z. Given
the symmetry of the problem, the fluctuations can be classified according to their transformations
under rotations about the z axis as: SO(2) tensors (δgxy and δgxx − δgyy), vectors (δg0x, δgzx and
δg0y, δgzy), and scalars (all others).
For completeness we list in Appendix C the bulk metric fluctuations in momentum space as a
series expansion in ω, k, and in terms of the boundary metric fluctuations, hνµ. The retarded bulk-
to-boundary graviton propagators are easily obtained from the expressions given in Appendix C
by differentiating with respect to the boundary fields. We work in the gauge
δgM5 = 0. (63)
The tensor modes δgyx and δgxx − δgyy have propagators which do not have singularities for
ω, k ≪ 1 [19]. The vector (or shear) modes, e.g. δgx0 , δgxz , have poles typical of diffusion, and the
scalar mode propagators have a sound pole [26]. We will refer to the vector metric fluctuations as
shear modes, and to the scalar metric fluctuations as sound modes.
The computation of the stress tensor 1-point function is reviewed in Appendix E.15:
〈T 00〉0 = 2 δS
δh00
=
3N2c
27π2
≡ ǫ¯ (64)
5Restoring the units, the energy density and pressure equal ǫ¯ = 3π
2N2
c
T 4
8 , P¯ =
π2N2
c
T 4
8 .
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gives the energy density of the finite temperature strongly coupled super Yang-Mills theory and
〈T ij〉0 = 2 δS
δhij
= δij
N2c
27π2
≡ δijP¯ , i, j = 1, 2, 3 = x, y, z, (65)
gives its pressure.
The two-point retarded correlators are computed using the quadratic gravitational vertex re-
viewed in Appendix E.2. Since we are interested in ra correlators, one of the bulk-to-boundary
propagators is retarded (the one associated with the largest time point on the boundary), and the
other propagator is advanced. However, we should remember that the bulk-to-boundary propaga-
tors in momentum space are defined as retarded or advanced relative to the momentum conjugate to
the boundary space-time point. 4-momentum conservation gives q = −q1, where q is the momen-
tum associated with the point which has the largest time. This effectively transforms the advanced
bulk-to-boundary propagator Gar(q1, u) into a retarded propagator Gra(q, u).
From the decoupled fluctuation δgxy one recovers6 the stress tensor retarded 2-point function
[2]
G
xy|xy
AdS = −
δ2S
δ2hxy
=
N2c
27π2
− iN
2
c ω
26π2
+
(ω2(1− ln 2)− k2)N2c
26π2
+ · · · (66)
The result derived in the hydrodynamic limit from solving (8) and (9) is
G
xy|xy
hydro =
1
3
ǫ¯− iηω + ητΠω2 − 12κ(ω2 + k2) + · · · (67)
where dots denote terms which are higher order in gradients (and hydrodynamic expansion coeffi-
cients). By identifying (66) and (67) one obtains a handful of hydro coefficients, of first and second
order7:
η =
N2c
26π2
, κ =
N2c
25π2
, ητΠ =
N2c (2− ln 2)
26π2
. (68)
From (64) and (68), the diffusion constant of the shear modes in the strongly coupled N=4 super
Yang-Mills plasma is
Dη =
η
ǫ¯+ P¯
=
1
2
. (69)
This is the maximal set of hydrodynamic coefficients which can be determined from 2-point stress
tensor correlators in the AdS-Schwarzschild background [2]. On the other hand, having found
ǫ¯, P¯ , η, τΠ and κ, we should be able to match all the other 2-point correlators obtained via AdS/CFT
with their hydrodynamic expressions.
To see how this plays out we consider the 2-point functions of shear modes. We perform an
expansion assuming a shear dispersion relation ω ∼ k2 ∼ λ2 ≪ 1, where λ is a small expansion
6For the sake of brevity, we suppress energy-momentum conservation delta functions.
7Restoring the units, this reads η = πN
2
c
T 3
8 , κ =
N2
c
T 2
8 , ητΠ =
N2
c
(2−ln 2)T 2
16 .
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parameter, and extend the results of Policastro, Son and Starinets [19] to second order in λ:
G
0x|0x
AdS = −
δ2S
δh0xδh0x
=
N2c
24π2
[
− k
2 + 6iω
24(−iω + 1
2
k2)
+
k2(2ω2(ln 2− 1)− 2iωk2 + k4)
23(−iω + 1
2
k2)2
+ · · ·
]
G
0x|xz
AdS = −
δ2S
δh0xδhxz
=
N2c
24π2
[
− ωk
22(−iω + 1
2
k2)
+ · · ·
]
G
xz|xz
AdS = −
δ2S
δhxzδhxz
=
N2c
24π2
[
1
23
− ω
2
22(−iω + 1
2
k2)
+ · · ·
]
. (70)
As a result of this expansion, the shear poles are visible. The presence of the higher order poles in
the 2-point correlators is an artifact of the expansion and indicates that the location ω = −i1
2
k2 of
the shear pole is shifted by higher order terms8.
This can be contrasted with
G
0x|0x
hydro = −
ǫ¯(iω + 1
3
Dηk
2)
−iω +Dηk2 +
ωk2(−(ητΠ − 12κ)ω + 12iκDηk2)
(−iω +Dηk2)2 + · · ·
G
0x|xz
hydro = −
ηωk
−iω +Dηk2 + . . .
G
xz|xz
hydro =
1
3
ǫ¯− ηω
2
−iω +Dηk2 + · · · (71)
There is an apparent mismatch in the hydrodynamic expansion and the AdS calculation in G0x|0x,
namely the coefficients ωk4 and k6 which multiply the second order shear pole disagree. This
puzzle is resolved by noting that the expansion in small ω, k assuming a shear dispersion relation
has the rather unwanted effect of mixing hydrodynamic coefficients of different order in each term
of the series expansion: e.g. ǫ¯ and η at zeroth order in λ; ητΠ − 12κ and Dηκ at second order in λ;
etc. So a contamination with third-order hydro coeffcients is to be expected, as forecast by the term
proportional with Dηκ which contains the product of two second order hydro coefficients. This
is further elucidated by a comparison with what happens when instead expanding the correlators
assuming ω ∼ k ∼ λ≪ 1. Then, the AdS result is
G
0x|0x
AdS =
N2c
24π2
[
3
23
− i k
2
22ω
+
k2(2ω2(1− ln 2)− k2)
23ω2
+ · · ·
]
G
0x|xz
AdS =
N2c
24π2
[
− i k
22
+
k(2ω2(1− ln 2)− k2)
23ω
+ · · ·
]
G
xz|xz
AdS =
N2c
24π2
[
1
23
− i ω
22
+
(2ω2(1− ln 2)− k2)π2N2c T 4
23
+ · · ·
]
(72)
8The shear pole, as extracted from second order hydro, is [2]: ω ≃ −iDηk2 −DητΠωk2.
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while the hydro expansion gives
G
0x|0x
hydro = ǫ¯− i
ηk2
ω
+
k2(ητΠω
2 − 1
2
κω2 − ηDηk2)
ω2
+ · · ·
G
0x|xz
hydro = −iηk +
k(ητΠω
2 − 1
2
κω2 − ηDηk2)
ω
+ . . .
G
xz|xz
hydro =
1
3
ǫ¯− iηω + ητΠω2 − 12κω2 − ηDηk2 + · · · (73)
The ω poles are a remnant of expanding the shear pole, but now the two sets of 2-point correlators
are perfectly matched, and at each term in the expansion there is no mixing between different
order hydro coefficients. One may extract ǫ¯, η and the combination ητpi − 12κ with the same result
as before. In this respect, the tensor mode 2-point correlator Gxy|xy enables the identification of a
larger set, since ητΠ and κ can be obtained separately.
In appendix D we list the 2-point functions of sound modes, computed using a sound mode
dispersion expansion ω ∼ k ∼ λ ≪ 1 to second order in λ, extending the results of Policastro,
Son and Starinets [26]. The higher-order poles which appear in appendix D are also an artifact
of expanding the higher-order attenuation terms which are present in the sound pole. There is no
mixing of the different hydro coefficients at each term in the expansion, and the hydro and AdS
results match, provided that one takes into account that the AdS computation yields tensor density
correlators (2(δ2S)/(δhµνδhρσ) = δ〈√−gTµν〉/δhρσ) and not tensor correlators (δ〈T µν〉/δhρσ).
The difference is a contact term, namely
Gµν,ρσhydro = G
µν,ρσ
AdS + η
ρσT µν , (74)
which arises from differentiating the volume factor
√−g with respect to the metric fluctuations.
3.2 λ1, λ2 and λ3 via AdS/CFT
Due to the complexity of evaluating generic stress tensor 3-point functions, in this section we
contend ourselves with computing limk1→0
k2→0
G
xy|yz|xz
AdS , limω1→0
ω2→0
G
xy|0y|0x
AdS and limk1→0
ω2→0
G
xy|yz|0x
AdS . We
leave a more complete computation of 3-point stress tensor correlators at arbitrary (albeit small)
values of 4-momenta for future work.
Note that we are using 3-point correlators where one pair of legs, xy (which is associated
with the largest-time boundary point) corresponds to tensor fluctuations, and the other leg pairs
correspond to O(2) vector (shear mode) fluctuations: xz, x0 and yz, y0. Because of the mixing
between δg⊥0 and δg⊥z, each of the corresponding bulk-to-boundary propagators is a 2×2 matrix.
So, for example, the Witten diagram for Gxy|yz|xz has four terms, depicted schematically in Fig. 2.
Moreover, each 2 × 2 shear-mode propagator contains a pure gauge (diffeomorphism) contri-
bution whose behavior at the horizon is not in the form of an incoming/outgoing wave. This gauge
artifact can (and does) cause technical difficulties in integrating the location of the vertex in the
Witten diagram up to the horizon9. We will avoid this issue by computing correlators for which
the diffeomorphism terms drop out, that is, we will be focus on calculations where we can easily
work with gauge-invariant modes.
9The problematic behavior is related to the fact that the diffeomorphism parameters (as constrained by the gauge
condition δgM5 = 0) are non-analytic functions at the horizon (see equation (111)).
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Figure 2: Witten diagrams for the retarded 3-point correlator Gxy|yz|xz with the boundary point x
having the largest time; x1 and x2 can have any time order.
As an example, the low momentum solution to the equation of motion for δhx0 and δgxz which
gives the retarded bulk-to-boundary propagators is10
δgx0 = C˜3(1− u)−iω/2
(
i
kf
2
+ ωk(−f
4
ln(1 + u) +
ln 2
2
− u
2
+
(1− ln 2)u2
2
) + · · ·
)
+ D˜1
δgxz = C˜3(1− u)−iω/2
(
1− iω
2
ln(1 + u) + ω2(−1
2
Li2(
1− u
2
) +
1
8
ln2(1 + u)
+ (1− ln 2
2
) ln(1 + u)) + · · ·
)
− D˜1 k
ω
(75)
where
C˜3 =
(
k
ω
− i k
3
2ω2
− k(ω
4(6 ln2 2− π2) + 12ω2k2 ln 2 + 6k4)
24ω3
+ · · ·
)
(hx0 +
ω
k
hxz)
D˜1 =
(
1− i k
2
2ω
− k
2(2ω2 ln 2 + k2)
4ω2
+ . . .
)
hx0
+
(
− ik
2
− k(2ω
2 ln 2 + k2)
4ω
+ · · ·
)
hx3 . (76)
The D˜1 terms in (76) represent a gauge mode associated with shifts in the x direction. One possible
way to trivially isolate the gauge mode is to take the k → 0 limit. Then the the shear modes
10Here, since we are interested in sending the spatial momentum to 0 first, we give the shear mode propagators
assuming a sound mode dispersion relation. In Appendix C we assumed a diffusion dispersion relation to highlight
the presence of the diffusion pole.
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decouple. δgx0 (k=0) is equal to the boundary value up to O(ω3) corrections, and δgxz (k=0) is a
purely incoming wave at the horizon to the same O(ω3) order:
δgx0 (k=0) = h
x
0(k=0) + . . . ,
δgxz (k=0) = h
x
z(k=0)×
(
1− ω
2(6 ln2 2− π2)
24
+ . . .
)
(1− u)−iω/2
(
1− iω
2
ln(1 + u)
+ ω2(−1
2
Li2(
1− u
2
) +
1
8
ln2(1 + u) + (1− ln 2
2
) ln(1 + u)) + · · ·
)
. (77)
As a result, only Fig. 2a contributes to Gxy|xz|yzAdS (k1=0, k2=0) [a consequence of O(3) rotation
invariance when k = 0], and we expect no subtleties coming from the near horizon region.
Except for the specific form of the cubic gravitational vertex, the evaluation of the 3-point stress
tensor correlator is no different than evaluating a causal scalar 3-point correlator with a derivative
cubic vertex in the AdS-Schwarzschild bulk11. Consider this scalar example, with cubic interaction∫
M
√−ggMN∂Mφ∂Nφ, for the sake of simplicity of discussion, and examine the small frequency
(with k’s zero) behavior of this contribution to the action S. As we’ll see, this is dominated by the
near-horizon (u→ 1) contribution √−gguuφ∂uφ∂uφ. (78)
The small frequency behavior of the retarded scalar bulk-to-boundary propagator is (1 − u)−iω/2.
Therefore, computing the small frequency behavior of the integrand in (78) gives a contribution to
the causal retarded correlator which in the near-horizon region is proportional to
∫
du(1− u)−i(ω1+ω2)−1(ω1ω2 − (ω1 + ω2)2) (79)
where the terms quadratic in ω’s arise from taking the u derivatives. In arriving at (79) we took the
momenta flowing through the a legs of the raa correlator to be ω1 and ω2. By energy conservation,
the momentum flowing through the r leg is ω = −(ω1 + ω2). The potential divergence at the
horizon is regularized by the fact that the causal 3-point function of interest corresponds to ω1 →
ω1 − iǫ, ω2 → ω2 − iǫ and ω = −(ω1 + ω2) → −(ω1 + ω2) + 2iǫ.12 Integrating (79) from u = 0
to 1 yields
i
ω1 + ω2
(ω1ω2 − (ω1 + ω2)2) (80)
to leading order in ω’s. Counting powers of frequency as λ ∼ ω1 ∼ ω2, the near-horizon divergence
of the integrand has enhanced the naively O(λ2) order of the integrand to an O(λ) contribution to
the 3-point function.
A similar story emerges for the Gxy|xz|yzAdS (k1 = 0, k2 = 0) correlator. There, the integrand, as
given by the expansion of the cubic gravitational action, behaves near the horizon as
3N2c
26
(1− u)−i(ω1+ω2)
(
(ω1 + ω2)
2
(1− u) − i
ln 2(ω1 + ω2)
3
(1− u) + · · ·
)
(81)
11If the scalar supergravity fields have a derivative coupling of the type
∫
M
√−ggMN∂Mφ∂Nφ, then, for on-shell
fields this reduces to (m2/2)
∫
M
√−gφ3 plus a total derivative term. However, in the text, we refrain from performing
the integration by parts and merely comment on the behavior of the integrand near the horizon.
12 See the discussion in sec II.B of [25], and see [27, 28].
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where at least one of the ω factors arise from derivatives on the wave factor (1 − u)−i(ω1+ω2).13
Regularizing the wave factors as before, and performing the integral over the black hole bulk up to
the horizon, gives a finite contribution to the Gxy|xz|yzAdS (k1=0, k2=0) correlator:
lim
k1→0
k2→0
G
xy|yz|xz
AdS =
N2c
24π2
[
1
23
− iω1 + ω2
22
− (ω1ω2 + ω
2
1 + ω
2
2)(ln 2− 1)
22
+ · · ·
]
. (82)
The last step is to identify the AdS/CFT correlator with the corresponding hydro expansion14
lim
k1→0
k2→0
G
xy|yz|xz
hydro =
1
3
ǫ¯− iη(ω1 + ω2) + ητΠ(ω21 + ω22 + ω1ω2)− 12κ(ω21 + ω22)− λ1ω1ω2 + . . . (83)
to get λ1:
λ1 =
N2c
26π2
. (84)
For the remaining λ2, λ3 coefficients we will need to take the limit ω → 0 of the shear
modes. From Appendix C we get that δgxz (ω=0) is equal to its boundary value to order O(k3),
and δgx0 (ω=0) decouples:
δgx0 (ω=0) =
(
1− u2 − k2u(1− u) + . . .
)
hx0(ω=0)
δgxz (ω=0) = h
x
z(ω=0) + · · · (85)
Thus, once again, the graviton shear modes decouple, and the correlators needed to evaluate λ2 and
λ3 are given by a single Witten-type diagram, with the causal graviton propagators being diagonal
in both the tensor and shear mode sectors. The integral over the cubic action is straightforward and
gives:
lim
ω1→0
ω2→0
G
xy|0y|0x
AdS =
N2c
26π2
[
− 1
2
+ (k21 + k
2
2) + · · ·
]
. (86)
Comparison with the hydro expansion
lim
ω1→0
ω2→0
G
xy|0y|0x
hydro = −13 ǫ¯+ 12κ(k22 + k21)− 14λ3k1k2 + · · · (87)
yields
λ3 = 0. (88)
13As a result, finding the integrand in (81) only requires knowing the solution δg(1) to the linearized equations of
motion to O(ω21 , ω22), as given in (79).
14 Given the discussion preceding (74), readers may wonder why we are identifying tensor density correlators
(GAdS) with tensor correlators (Ghydro). There is no difference for the particular components we are interested. In
general,
G
µν|ρσ|τζ
hydro (x,y, z) = G
µν|ρσ|τζ
AdS (x,y, z) +G
µν|ρσ
AdS (x,y)g
τζδ(x− z) +Gµν|τζAdS (x, z)gρσδ(x− y)
+GµνAdS(x)(g
ρσgτζ + gρτgσζ + gρζgστ )δ(x− y)δ(x− z).
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Similarly, we compute
lim
k1→0
ω2→0
G
xy|yz|0x
AdS =
N2c
26π2
ω1k2 + · · · (89)
which can be identified with
lim
k1→0
ω2→0
G
xy|yz|0x
hydro = (−14λ2 + 12ητΠ)ω1k2 + · · · (90)
to yield15,
λ2 = − N
2
c
25π2
ln 2. (91)
This concludes our derivation of the second order hydrodynamic coefficients λ1, λ2 and λ3 from
3-point stress tensor correlators16.
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A ητΠ contribution to Gxy|xz|yzhydro and G
xy|yz|0x
hydro
In this section we are interested in computing the ητΠ contribution to Txy to second order in gra-
dients, and in the presence of a gravitational perturbation which includes only the shear modes:
hx0, hxz, hy0 and hyz. We begin with
(Πµν)ητΠ = ητΠ
(
〈U∇σµν〉 + 1
3
∇ · U σµν
)
(92)
15See [29] for arguments regarding a universal relationship between λ1, λ2 and ητΠ.
16In addition to the computation detailed in the main text, we have performed a separate check of (14) using a
different set of gauge-invariant modes e.g. choosing the boundary fields such that hxx = −hyy or h00 = − 13k2(hxx +
hyy) + · · · , hzz = (−1 + k2)(hxx + hyy) + · · · , hz0 = − 12 (ik + kω ln 2)(hxx + hyy) + · · · where ellipsis denotes that
we have required that the gauge component of the bulk-to-boundary propagators vanishes to order O(λ3) in a small
ω ∼ k ∼ λ≪ 1 expansion. For example, solving the hydrodynamic equations we compute
G
xx−yy|0x|0x
hydro (ω1=ω2=0) = − 23 ǫ¯ + κ(k21 + k22)− 12λ3k1k2 + · · · ,
G
xx+yy−2zz|xy|xy
hydro (k1=k2=0) =
4
3 ǫ¯− 4iη(ω1+ω2) + 4ητΠ(ω21 +ω22 +ω1ω2)− 2κ2(ω21 +ω22)− 4λ1ω1ω2+ · · · ,
G
xx−yy|zx|0x
hydro (k1=0, ω2=0) = (− 12λ2 + ητΠ)ω1k2 + · · · .
The corresponding AdS 3-point functions are
G
xx−yy|0x|0x
AdS (ω1=ω2=0) = − N
2
c
26π2 +
N2
c
25π2 (k
2
1 + k
2
2) + · · · ,
G
xx+yy−2zz|xy|xy
AdS (k1=k2=0) =
N2
c
25π2 − i N
2
c
24π2 (ω1 + ω2)− N
2
c
(ln 2−1)
24π2 (ω
2
1 + ω
2
2 + ω1ω2) + · · · ,
and
G
xx−yy|zx|0x
AdS (k1=0, ω2=0) =
N2
c
25π2ω1k2 + · · · .
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where
〈U∇σµν〉 = ∆µρ∆νσU ζ∇ζσρσ − 13∆µν∆ρσU ζ∇ζσρσ. (93)
Given the set of metric perturbations considered, σ0µ = O(h2). The non-vanishing components of
σij , to linear order in the shear metric fluctuations, are σxz and σyz given in (40) (where we recall
that the shear tensor σ is symmetric). So for (Πxy)ητΠ only the first term in (92) is non-vanishing.
We will also need the projectors ∆µν to order O(h2):
∆µν =


0 Ux Uy 0
Ux 1 0 −hxz
Uy 0 1 −hyz
0 −hxz −hyz 1

+O(h2) (94)
where Ux, Uy are given in (31). Given that ∆xy vanishes to O(h2), only the first term in (93) for
µ = x, ν = y contributes to terms quadratic in the metric fluctuations:
∂0σ
(2)
xy − (Γz0xσyz + Γz0yσxz) + (∆xz∂0σyz +∆yz∂0σxz). (95)
The last piece we must compute is σxy to second order in the fluctuations
σ(2)xy = hxµσ
(1)µy + hµyσ
(1) xµ + σ(2) xy (96)
where σ(2) xy is the truncation of (4) to second order in fluctuations. Using that the second order
expansion of the Christoffel symbols is
Γ(2)λµν = −gλρhρσΓ(1)σµν , (97)
the shear tensor σ(2)xy evaluates to
σ(2)xy = ∂0(UxUy) + other h’s. (98)
Substituting everything into (92) we arrive at
(Πxy)ητΠ = ητΠ
(
∂20(UxUy)− 12(h˙zx − h′0x)(U ′y − h′0y + h˙zy)− 12(h˙zy − h′0y)(U ′x − h′0x + h˙zx)
− hxz(U˙ ′y − h˙′0y + h¨zy)− hyz(U˙ ′x − h˙′0x + h¨zx) + other h’s
)
. (99)
Recalling that U⊥ velocities vanish for z-independent metric perturbations (that is, U⊥ vanishes
at zero spatial momentum), we can now extract the desired ητΠ contribution to the correlators
G
xy|xz|yz
hydro (k1=0, k2=0) and G
xy|yz|0x
hydro (k1=0, ω2=0):
G
xy|xz|yz
hydro (k1=0, k2=0) = ητΠ(ω1ω2 + ω
2
1 + ω
2
2) + · · ·+ ητΠ-independent terms (100)
G
xy|yz|0x
hydro (k1=0, ω2=0) =
1
2
ητΠk2ω1 + · · ·+ ητΠ-independent terms. (101)
More general explicit computations show that there are no other second-order hydro coefficients
contributions to (48, 53, 57) besides the ones we explicitly went over in Section 2 and in this
appendix.
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B More Kubo formulae
Using the method outlined in Section 2 one can derive a variety of Kubo relations. We give
below a few more to supplement (48), (53) and (57). To simplify notation we suppress writing
the momentum dependence of a retarded raa 3-point correlator G..|..|..(q = q1 + q2;−q1,−q2),
with the understanding that the momenta −q1,−q2 are associated with the second pair and third
pair of indices of the 3-point correlator respectively.
B.1 λ1
lim
ω1→0
ω2→0
∂ω1∂ω2 lim
k1→0
k2→0
G
xy|xy|xx
hydro = −23λ1 − 12κ+ 53ητΠ
lim
ω1→0
ω2→0
∂ω1∂ω2 lim
k1→0
k2→0
G
xy|xy|zz
hydro =
4
3
λ1 − 12κ− 13ητΠ
lim
ω1→0
ω2→0
∂ω1∂ω2 lim
k1→0
k2→0
G
xx|xy|xy
hydro = −23λ1 − 16κ+ ητΠ
lim
ω1→0
ω2→0
∂ω1∂ω2 lim
k1→0
k2→0
G
zz|xy|xy
hydro =
4
3
λ1 − 16κ− ητΠ
lim
ω1→0
ω2→0
∂ω1∂ω2 lim
k1→0
k2→0
G
yz|xy|xz
hydro = −λ1 + ητΠ. (102)
Noting that O(3) rotational symmetry is restored in the limit of vanishing spatial momenta, we can
use (102) together withO(3) covariance to compute other correlators. E.g. Gxx|xy|xy(k1=0, k2=0) =
Gxx|xz|xz(k1=0, k2=0) = G
zz|xz|xz(k1=0, k2=0) andGzz|xy|xy(k1=0, k2=0) = Gyy|xz|xz(k1=0, k2=0).
Rotational symmetry can also be used to check the last Kubo relation in (102): a π/4 rotation in
the (y, z) plane can be used to show that Gyz|xy|xz(k1=0, k2=0) = 12 [G
yy|xz|xz(k1=0, k2=0) −
Gyy|xy|xy(k1=0, k2=0)].
B.2 λ2
The order of limits (ω1 → 0 and k2 → 0) is important here (due to the presence of a sound pole in
the correlators). On the one hand,
lim
k2→0
∂k2 lim
ω1→0
∂ω1 lim
k1→0
ω2→0
G
xx|xz|0x
hydro = −λ2 − κ+ 2ητΠ
lim
k2→0
∂k2 lim
ω1→0
∂ω1 lim
k1→0
ω2→0
G
yy|xz|0x
hydro = −12λ2 − κ+ ητΠ (103)
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but a different order of limits yields
lim
ω1→0
∂ω1 lim
k2→0
∂k2 lim
k1→0
ω2→0
G
xx|xz|0x
hydro = −12λ2 − 12κ+ 43ητΠ +
η2
2ǫ¯
lim
ω1→0
∂ω1 lim
k2→0
∂k2 lim
k1→0
ω2→0
G
zz|xz|0x
hydro =
1
2
λ2 +
1
2
κ− 2
3
ητΠ − η
2
ǫ¯
lim
ω1→0
∂ω1 lim
k2→0
∂k2 lim
k1→0
ω2→0
G
yz|xy|0x
hydro =
1
4
λ2 +
1
2
κ− 1
2
ητΠ − 3η
2
4ǫ¯
. (104)
B.3 λ3
lim
k1→0
k2→0
∂k1∂k2 lim
ω1→0
ω2→0
G
xx|0y|0y
hydro =
1
2
λ3,
lim
k1→0
k2→0
∂k1∂k2 lim
ω1→0
ω2→0
G
00|0x|0x
hydro =
1
2
λ3. (105)
In the relation (53) given in the main text, one gets the same answer independent of the order of
limits ω1 → 0 and k2 → 0.
C Retarded bulk-to-boundary propagators
The metric fluctuations, solutions to the linearized Einstein equations, are in general coupled. We
work in the gauge
δgM5 = 0, M = 0, 1, 2, 3, 5 = t, x, y, z, u. (106)
We define
δgMN ≡ g¯MP δgPN (107)
The fluctuations considered in this paper are independent of x, y coordinates. Relative to the
rotation group SO(2) about the z axis, one distinguishes tensor fluctuations (δgxy; δgxx − δgyy),
vector fluctuations (δg0t, δgxz ; and δgy0, δgyz, and scalar fluctuations (δg00, δgzz, δg0z, and δgxx +
δgyy). The tensor fluctuations are completely decoupled, while the vector and scalar fluctuations
all mix within their respective sectors for generic ω, k. For the vector, δgx0 mixes with δgxz and
δgy0 mixes with δgyz.
Since we are interested in the hydrodynamic regime, where the fields vary slowly with t, z,
the equations of motion are solved in the bulk perturbatively in ω, k. The bulk-to-boundary causal
propagator of coupled functuations will contain one term which behaves like an incoming/outgoing
wave at the horizon, in addition to terms which are diffeomorphism terms. The existence of these
diffeomorphism terms is inferred by solving the equations of motion near the horizon to leading
order, substituting an ansatz of the type F (u)(1 − u)r as in [26]. The values of r = ±iω/2
correspond to the incoming/outgoing waves; the other possible values of the exponent (e.g. r =
0,−1/2) correspond to the diffeomorphism terms. Lastly, we require that the bulk fields approach
prescribed values at the u = 0 boundary: δgNM
u→0−→ hνµ.
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We find17
δg00 = C1(1− u)−iω/2
(
− 2k
2(1− u)
3
+ . . .
)
+D0 −D5f − uf
′ + 2ω2u√
f
δgxx = C1(1− u)−iω/2
(
1− iω
2
ln(1 + u) + ω2(−1
2
Li2(
1− u
2
) +
1
8
ln2(1 + u)
+ ln(1 + u)(1− 1
2
ln 2)) + k2(
1
3
ln(1 + u) +
2
3
(1− u)) + . . .
)
+ C2(1− u)−iω/2
(
1− iω
2
ln(1 + u) + ω2(−1
2
Li2(
1− u
2
) +
1
8
ln2(1 + u)
+ ln(1 + u)(1− 1
2
ln 2))− k2 ln(1 + u) + . . .
)
−D5
√
f
δgyy = C1(1− u)−iω/2
(
1− iω
2
ln(1 + u) + ω2(−1
2
Li2(
1− u
2
) +
1
8
ln2(1 + u)
+ ln(1 + u)(1− 1
2
ln 2)) + k2(
1
3
ln(1 + u) +
2
3
(1− u)) + . . .
)
− C2(1− u)−iω/2
(
1− iω
2
ln(1 + u) + ω2(−1
2
Li2(
1− u
2
) +
1
8
ln2(1 + u)
+ ln(1 + u)(1− 1
2
ln 2))− k2 ln(1 + u) + . . .
)
−D5
√
f
δgzz = C1(1− u)−iω/2
(
− 2 + iω ln(1 + u) + ω2(Li2(1− u
2
)− 1
4
ln2(1 + u)
− (2− ln 2) ln(1 + u)) + k2(−2
3
ln(1 + u) +
2
3
(1− u)) + . . .
)
− D32k
ω
+D5(−
√
f + 2k2 arcsin(u))
δgz0 = C1(1− u)−iω/2(−ikf + ωk(1− u)(u+
1
2
(1 + u)(ln(1 + u)− 2 ln 2) + . . .
)
+ D3 +D0
kf
2ω
−D5ωk(u
√
f + arcsin(u))
δgx0 = C3(1− u)−iω/2k
(
− if + ω
2
f ln
1 + u
2
+ (ω + ik2)u(1− u) + . . .
)
+D1
ω
k
δgy0 = C4(1− u)−iω/2k
(
− if + ω
2
f ln
1 + u
2
+ (ω + ik2)u(1− u) + . . .
)
+D2
ω
k
δgxz = C3(1− u)−iω/2
(
− 2 + iω ln 1 + u
2
+ k2 + . . .
)
−D1
δgyz = C4(1− u)−iω/2
(
− 2 + iω ln 1 + u
2
+ k2 + . . .
)
−D2
17We recall that, for simplicity of notation, we work in units where 2πT = 1. Alternatively, one should think of ω
and k as energy and momentum made dimensionless by division with 2πT .
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δgxy = C5(1− u)−iω/2
(
1− iω
2
ln(1 + u) + ω2(−1
2
Li2(
1− u
2
)
+
1
8
ln2(1 + u) + (1− ln 2
2
) ln(1 + u))− k2 ln(1 + u) + . . .
)
(108)
where the coefficients C1, . . . C5, D0, . . . , D3, D5 are given in terms of the boundary fields as fol-
lows18 :
C1 =
(
k2
3ω2 − k2 − i
2ωk4
(3ω2 − k2)2 +
k2A
24(3ω2 − k2)3 + . . .
)
h00
+
(
ω2 − k2
2(3ω2 − k2) − i
ωk2(ω2 − k2)
(3ω2 − k2)2 +
(ω2 − k2)A
48(3ω2 − k2)3 + . . .
)
(hxx + h
y
y)
+
(
− ω
2
3ω2 − k2 + i
2ω3k2
(3ω2 − k2)2 −
ω2A
24(3ω2 − k2)3 + . . .
)
hzz
+
(
− 2ωk
3ω2 − k2 + i
4ω2k3
(3ω2 − k2)2 −
ωkA
12(3ω2 − k2)3 + . . .
)
hz0
A = 9ω6(π2 − 6 ln2 2)− 6ω4k2(π2 + 24 ln 2− 6 ln2 2) + ω2k4(π2 + 48 ln 2− 6 ln2 2)− 32k6
C2 =
(
1
2
+
ω2(π2 − 6 ln2 2)
48
+ . . .
)
(hxx − hyy)
C3 =
(
ik
2(−iω + 1
2
k2)
− ωk((iω +
1
2
k2) ln 2− k2)
4(−iω + 1
2
k2)2
+ . . .
)
(hx0 +
ω
k
hxz)
C4 =
(
ik
2(−iω + 1
2
k2)
− ωk((iω +
1
2
k2) ln 2− k2)
4(−iω + 1
2
k2)2
+ . . .
)
(hy0 +
ω
k
hyz)
C5 =
(
1 +
ω2(π2 − 6 ln2 2)
24
+ . . .
)
hxy (109)
D0 =
(
3ω2
3ω2 − k2 − i
2ωk4
(3ω2 − k2)2 +
2ω2k4(3ω2(2− ln 2) + k2(ln 2− 4))
(3ω2 − k2)3 + . . .
)
h00
−
(
ω2
3ω2 − k2 + i
ωk2(ω2 − k2)
(3ω2 − k2)2 −
ω2k2(ω2 − k2)(3ω2(2− ln 2) + k2(ln 2− 4))
(3ω2 − k2)3 + . . .
)
× (hxx + hyy)
+
(
− ω
2
3ω2 − k2 + i
2ω3k2
(3ω2 − k2)2 −
2ω4k2(3ω2(2− ln 2) + k2(ln 2− 4))
(3ω2 − k2)3 + . . .
)
hzz
+
(
− 2ωk
3ω2 − k2 + i
4ω2k3
(3ω2 − k2)2 −
4ω3k3(3ω2(2− ln 2) + k2(ln 2− 4))
(3ω2 − k2)3 + . . .
)
hz0
D1 =
(
− i k−iω + 1
2
k2
+
k3(ω ln 2 + (i/2)k2)
2(−iω + 1
2
k2)2
+ . . .
)
hx0
+
(
− k
2
2(−iω + 1
2
k2)
+
k2ω(ω ln 2 + (i/2)k2)
2(−iω + 1
2
k2)2
+ . . .
)
hxz
18The appearance of higher order sound and diffusion poles is only an artefact of expanding in small ω, k of simple
poles which have additional attenuation pieces. For example,C3 can be repackaged as k2(1−(i/2)ω ln 2+. . . )/(k2−
iω(2− k2) + . . . ).
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D2 =
(
− i k−iω + 1
2
k2
+
k3(ω ln 2 + (i/2)k2)
2(−iω + 1
2
k2)2
+ . . .
)
hy0
+
(
− k
2
2(−iω + 1
2
k2)
+
k2ω(ω ln 2 + (i/2)k2)
2(−iω + 1
2
k2)2
+ . . .
)
hyz
D3 =
(
− 3ωk
2(3ω2 − k2) + i
3ω2k3
(3ω2 − k2)2 +
ωk3(9ω4 ln 2− 3ω2k2 ln 2 + 2k4)
(3ω2 − k2)3 + . . .
)
h00
+
(
ωk
2(3ω2 − k2) + i
3ω2k(ω2 − k2)
2(3ω2 − k2)2 +
ωk(ω2 − k2)(9ω4 ln 2− 3ω2k2 ln 2 + 2k4)
2(3ω2 − k2)3 + . . .
)
× (hxx + hyy)
+
(
ωk
2(3ω2 − k2) − i
3ω4k
(3ω2 − k2)2 −
ω3k(9ω4 ln 2− 3ω2k2 ln 2 + 2k4)
(3ω2 − k2)3 + . . .
)
hzz
+
(
3ω2
3ω2 − k2 − i
6ω3k2
(3ω2 − k2)2 −
2ω2k2(9ω4 ln 2− 3ω2k2 ln 2 + 2k4)
(3ω2 − k2)3 + . . .
)
h30
D5 =
(
k2
3ω2 − k2 − i
2ωk4
(3ω2 − k2)2 +
2k4(9ω4(1− ln 2) + 3ω2k2(ln 2− 2)− k4)
3(3ω2 − k2)3 + . . .
)
h00
−
(
ω2
3ω2 − k2 + i
ωk2(ω2 − k2)
(3ω2 − k2)2 −
k2(ω2 − k2)(9ω4(1− ln 2) + 3ω2k2(ln 2− 2)− k4)
3(3ω2 − k2)3 + . . .
)
× (hxx + hyy)
+
(
− ω
2
3ω2 − k2 + i
2ω3k2
(3ω2 − k2)2 −
2ω2k2(9ω4(1− ln 2) + 3ω2k2(ln 2− 2)− k4)
3(3ω2 − k2)3 + . . .
)
hzz
+
(
− 2ωk
3ω2 − k2 + i
4ω2k3
(3ω2 − k2)2 −
4ωk3(9ω4(1− ln 2) + 3ω2k2(ln 2− 2)− k4)
3(3ω2 − k2)3 + . . .
)
hz0
(110)
The diffeomorphism parameters which give rise to the diffeomorphism terms in the bulk-to-boundary
propagators are:
ξM(ω, k, u) =
(
− iD0f
2ωu
+ iD5ω
√
f, i
D1
ku
, i
D2
ku
, i
D3
ωu
− iD5karcsin(u)
u
,
D5
u
√
f
)
ξM(ω, k, u) =
(
i
D0
2ω
− iD5 ωu√
f
, i
D1
k
, i
D2
k
, i
D3
ω
− iD5karcsin(u), D5
√
fu
)
(111)
That is, the “D” terms in (108) are given by (δgMN )diff = ∇NξM + ∇MξN . The D0, D1, D2, D3
terms in (111) generate boundary diffeomorphisms. The D5 term generates an infinitesimal scale
transformation in the vicinity of the u = 0 boundary, plus additional boundary diffeomorphisms
to preserve the gauge condition δgM5 = 0. Note that these diffeomorphism parameters induce
singular gauge transformations at the horizon. This is a consequence of working in the gauge
δgM5 = 0.
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D Sound mode 2-point correlators
From the coupled fluctuations δgxx, δgyy , δgxz , δgzz , δg00 (where for simplicity of notation we lumped
together the sound modes with one more fluctuation, namely δgxx − δgyy which can actually be
decoupled) and from the form of the on-shell quadratic gravitational action (see Appendix E) we
get
G
xx|xx
AdS = −4
δ2S
δhxxδhxx
=
N2c
24π2
[
(7ω2 − k2)
23(3ω2 − k2) − i
(3ω4 − 3ω2k2 + k4)ω
(3ω2 − k2)2
+
1
2(3ω2 − k2)3
(
ω2(18ω6(1− ln 2) + ω4k2(24 ln 2− 39) + ω2k4(28− 12 ln 2)
+ k6(2 ln 2− 7))
)
+ . . .
]
G
xx|yy
AdS = −4
δ2S
δhxxδhyy
=
N2c
24π2
[
(ω2 + k2)
23(3ω2 − k2) + i
(3ω4 − k4)ω
2(3ω2 − k2)2
+
1
2(3ω2 − k2)3
(
9ω8(ln 2− 1) + ω6k2(15− 3 ln 2)− ω4k4(8 + 3 ln 2)
+ (3 + ln 2)ω2k6 − k8)
)
+ . . .
]
G00,00AdS = −4
δ2S
δ2h00
=
N2c
24π2
[
3(5k2 − 3ω2)
23(3ω2 − k2) − i
3ωk4
(3ω2 − k2)2
+
k4(9ω4(1− ln 2) + 3ω2k2(ln 2− 2)− k4)
(3ω2 − k2)3 + . . .
]
G
zz|zz
AdS = −4
δ2S
δhzzδhzz
=
N2c
24π2
[
(7ω2 − k2)
23(3ω2 − k2) − i
3ω5
(3ω2 − k2)2
+
ω4(9ω4(1− ln 2) + 3ω2k2(ln 2− 2)− k4)π2
(3ω2 − k2)3 + . . .
]
G
00|0z
AdS = −2
δ2S
δh00δh0z
=
N2c
24π2
[
3ωk
2(3ω2 − k2)
− i 3ω
2k3
(3ω2 − k2)2 +
ωk3(9ω4(1− ln 2) + 3ω2k2(ln 2− 2)− k4)
(3ω2 − k2)3 + . . .
]
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G
00|zz
AdS = −4
δ2S
δh00δhzz
=
N2c
24π2
[
3(ω2 + k2)
23(3ω2 − k2) − i
3ω3k2
(3ω2 − k2)2
+
ω2k2(9ω4(1− ln 2) + 3ω2k2(ln 2− 2)− k4)
(3ω2 − k2)3 + . . .
]
G
0z|0z
AdS = −
δ2S
δh0zδh0z
=
N2c
24π2
[
(9ω2 + k2)
23(3ω2 − k2) − i
3ω3k2
(3ω2 − k2)2
+
ω2k2(9ω4(1− ln 2) + 3ω2k2(ln 2− 2)− k4)
(3ω2 − k2)3 + . . .
]
G
0z|zz
AdS = −2
δ2S
δh0zδhzz
=
N2c
24π2
[
ωk
2(3ω2 − k2) − i
3ω4k
(3ω2 − k2)2
+
kω3(9ω4(1− ln 2) + 3(ln 2− 2)ω2k2 − k4)
(3ω2 − k2)3 + . . .
]
G
00|xx
AdS = −4
δ2S
δh00δhxx
=
N2c
24π2
[
3(ω2 + k2)
23(3ω2 − k2) + i
3ωk2(ω2 − k2)
2(3ω2 − k2)2
− k
2(ω2 − k2)(9ω4(1− ln 2) + 3ω2k2(ln 2− 2)− k4)
2(3ω2 − k2)3 + . . .
]
G
0z|xx
AdS = −2
δ2S
δh0zδhxx
=
N2c
24π2
[
ωk
2(3ω2 − k2) + i
3(ω2 − k2)kω2
2(3ω2 − k2)2
− ωk(ω
2 − k2)(9ω4(1− ln 2) + 3(ln 2− 2)ω2k2 − k4)
2(3ω2 − k2)3 + . . .
]
G
zz|xx
AdS = −4
δ2S
δhzzδhxx
=
N2c
24π2
[
(ω2 + k2)
23(3ω2 − k2) + i
3(ω2 − k2)ω3
2(3ω2 − k2)2
+
ω2(k2 − ω2)(9ω4(1− ln 2) + 3(ln 2− 2)ω2k2 − k4)
2(3ω2 − k2)3 + . . .
]
(112)
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These 2-point functions exhibit, as expected, the sound pole19 expanded in small ω, k: ω ≃
±k/√3− iηk2
6P
.
E On-shell gravitational action
For completeness, in this appendix we give the linear, quadratic and cubic gravitational vertex.
This corresponds to expanding the gravitational action (58) in terms linear, quadratic and cubic in
the linearized on-shell fluctuations:
S = S¯ + δ(1)S + δ(2)S + δ(3)S + · · · (113)
E.1 First order action
To linear order in the fluctuations (58) is a boundary term20:
δ(1)
(∫
M
√−g(R− 2Λ) +
∫
∂M
√−gbdy(a+ 2K)
)
=
1
2
∫
∂M
√−gbdy
[
n5
(
− (∂5gµν)δgµν
+(∂5gµν)g
µνδgρρ
)
+ aδgρρ
]
(114)
where µ, ν, ρ = 0, 1, 2, 3, and all indices are raised and lowered with the backgroud metric, e.g.
δgµν = δgρσg¯
µρg¯νσ. As expected, the Gibbons-Hawking term has contributed to the cancellation
of the terms linear in derivatives of the metric fluctuations at the boundary. Also, the leading order
divergence (proportional to 1/u2B, where the boundary value is of the radial coordinate uB → 0)
from the Einstein-Hilbert plus cosmological constant action and from the Gibbons-Hawking term
is canceled by the boundary volume counterterm.
In the black hole background, the on-shell action linear in the boundary fields is finite [26]21:
δ(1)S = N
2
c
26π2
∫
u=0
(−3
4
δg00 +
1
4
∑
i=1,2,3
δgii) (115)
where we have introduced the shorthand notation∫
u=0
· · · =
∫
d4x · · ·
∣∣∣∣
u=0
. (116)
For example, the one-point function of the stress tensor T 00 is obtained by differentiating with
respect to h00 ≡ δg00|u=0:
〈T 00 〉0 = 2
δS
δh00
∣∣∣∣
hν
µ
=0
= 2
δ(δ(1)S)
δh00
= −3N
2
c
27π2
. (117)
19The sound pole complete expression is [19] vsk − i2(ǫ+P ) (ζ + 43η)k2 where ζ is the bulk viscosity, η is the shear
viscosity, and the speed of sound is vs =
√
∂P/∂ǫ.
20The second counterterm, proportional to the boundary Ricci scalar, does not contribute to this order.
21In AdS background, as opposed to the AdS-Schwarzschild case we consider, the on-shell action linear in fluctua-
tions is zero.
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To get the correct dimension for the stress tensor, we can restore the temperature dependence
〈T 00 〉0 = (2πT )4 ×
(
− 3N
2
c
27π2
)
= −3
8
π2N2c T
4. (118)
E.2 Second order action
Now expand (58) to second order in the linearized on-shell fluctuations. To highlight the role of
the second counterterm in (58), and explain why one needs to go beyond the quadratic action given
by [26], we first expand
∫
M
√−g(R− 2Λ) +
∫
∂M
√−gbdy(a+ 2K) (119)
and collect the (δg)2 terms. Since the fluctuations obey the linearized equations of motion, we
are left again with a total derivative term (basically the first-order expansion of (114)). (The bulk
term cancelled in the first-order expansion of the action (119) because the background solved the
Einstein equations. The bulk term cancels now because the fluctuations are on-shell.) After these
considerations, this is what is left:
1
4
∫
u=0
√−gbdyn5
(
− (∂5δgµν )δgνµ + (∂5δgµµ)δgνν
)
+
1
4
∫
u=0
√−gbdy
[
n5
(
(∂5gµν)δg
ν
ρδg
µρ − (∂5gµν)gµνδgρσδgσρ −
1
2
(∂5gµν)δg
µνδgρρ
+
1
2
(∂5gµν)g
µνδgρρδg
σ
σ
)
+
1
2
aδgµµδg
ν
ν − aδgµν δgνµ
]
. (120)
Again, the boundary volume counterterm, with its a coefficient, removes a 1/u2 divergence from
the contact terms in (120), besides contributing to the finite terms. Upon substituting the black
hole background metric (62), and
n5 = −u
√
1− u2, √−gbdy =
√
1− u2
u2
(121)
in the second order expansion (120) we arrive at
1
8
∫
u=0
1
u
∂5
(
− δgµµδgνν + δgµν δgνµ
)
+
1
4
∫
u=0
(
3
4
(h00)
2 − 1
2
h00h
i
i + h
0
ih
i
0 +
1
4
hiih
j
j −
1
2
hijh
j
i
)
(122)
where µ, ν, ρ = 0, 1, 2, 3; i, j = 1, 2, 3 and Einstein summation convention was used22.
However, while the action (119) is properly regularized and gives correct answers for the field
theory stress tensor two-point functions up to terms linear in ω, k (and therefore suffices as long
22This agrees with (3.15) in [26]. An apparent discrepancy is resolved by noting that the derivative terms in [26]
include ∂5((h30)2), whereas we have ∂5(h03h30). This difference is reflected in a different coefficient of h03h30.
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as one is interested in linear hydrodynamic coefficients), it diverges as 1/u to quadratic order in
ω, k. To remove this divergence a second counterterm is needed, proportional to the boundary
Einstein-Hilbert action [20, 21, 22, 23]:
− RAdS
d− 2
∫
∂M
√−gbdyRbdy (123)
where we recall that for us d = 4 and we set RAdS = 2. It is easy to see that this second counterterm
contributes to leading order only to terms quadratic in ω, k,
1
2
∫
u=0
√
1− u2
u2
(
∂2δgµν + ∂
µ∂νδg
ρ
ρ − ∂ρ∂µδgρν − ∂ρ∂νδgµρ − δµν (∂2δgρρ − ∂ρ∂σδgσρ )
)
δgνµ (124)
since the curvature tensor is quadratic in derivatives. In (124) indices are raised and lowered on
the partial derivatives with the boundary metric g¯bdyµν = diag(−f/u, 1/u, 1/u, 1/u). Since there
is one inverse metric per term in (124) we see that the contribution coming from this counterterm
will be divergent as 1/u. The conclusion is that this counterterm’s job, to second order in fluctua-
tions and second order in ω, k, is only to remove divergences from (122), without any finite term
subtraction. At fourth order in ω, k we get a finite contribution, coming from terms linear in u in
δgij . For completeness, we give below the leading order in ω, k of (124):
∫
u=0
1
u
(
(ω2 − k2)[(h12)2 − h11h22] + (k2h00 − h33ω2)(h11 + h22)
−ωkh30(h11 + h22) + ωk(h10h13 + h20h23) + ω2[(h13)2 + (h23)2] + k2[(h10)2 + (h20)2]
)
. (125)
The second-order on-shell gravitational action δ(2)S is given by the sum of equations (122) and
(125) multiplied by the gravitational prefactor N2c /(26π2).
E.3 Cubic action
In writing the cubic action, it is helpful to start with the second-order Einstein-Hilbert plus cosmo-
logical constant action
δ(2)SEH ≡ δ(2)
∫
M
√−g(R− 2Λ)
=
1
2
∫
M
√−g¯∇M
[
∇M(3
4
δgKLδgKL − 14δgKKδgLL) + 12∇N(δgKKδgMN)
−2∇N(δgMP δgNP ) + δgKN∇NδgMK + δgMN∇NδgKK
]
(126)
where the indices are being raised and lowered with the background metric g¯MN , and the deriva-
tives are background covariant. In general, there is another contribution to the second-order action,
which is proportional to the linearized equation of motion. Since δgMN solves the linearized
equation of motion, the only non-vanishing contribution is the total derivative given in (126). In
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expanding to terms cubic in the fluctuations, the Einstein-Hilbert plus cosmological constant action
receives contributions from δ(1)(δ(2)SEH) as well as from the expansion of the term proportional to
the linearized equations of motion:
δ(3)SEH = 13δ(1)
(
δ(2)SEH
)
+ 1
3!
δ(1)
∫
M
√−g 1
2
(LMN − 12gMNL)δgMN . (127)
A brute force calculation gives
1
3
δ(1)
(
δ(2)SEH
)
=
∫
M
√−g¯∇M
[
− 1
24
(δgKK )
2∇MδgLL + 18δgMN∇N(δgKK )2 + 124(δgKK )2∇NδgMN
+1
8
δgKK∇M(δgNP δgNP ) + 112δgNP δgNP∇MδgKK − 23δgMPδgNP ∇NδgKK
−1
6
δgKKδg
NP∇NδgMP − 13δgKKδgMP∇NδgNP + 13δgNP δgPQ∇NδgMQ
+δgMP δgPQ∇NδgNQ − 23δgMP δgNQ∇NδgPQ − 112δgPQδgPQ∇NδgMN
−1
3
δgMN∇N(δgPQδgPQ)− 23δgNP δgQP∇MδgNQ
]
. (128)
The LMN tensor which appears in (127) was introduced in [30]23:
− 1
2
LMN ≡ δ(1)RMN − 12δgMN(R¯− 2Λ)
= −1
2
(∇K∇KδgMN +∇M∇NδgKK −∇K∇MδgNK −∇K∇NδgMK) + dδgMNR−2AdS
(129)
where we recall that the background Ricci scalar is R¯ = 2(d+1)Λ/(d− 1) = −d(d+1)R−2AdS and
d = 4 for us. In terms of LMN , the linearized equation of motion is LMN − 12 g¯MNL = 0.
In [30] it was also shown that the second order variation of the equation of motion, 1
2
δ(1)(LMN−
1
2
g¯MNL) is expressed in terms of another tensor, VMN :
− 1
2
δ(1)LMN ≡ VMN = δgPQ(∇P∇QδgMN +∇M∇NδgPQ −∇P∇MδgNQ −∇P∇NδgMQ)
−1
2
(2∇P δgPQ −∇QδgPP )(∇MδgNQ +∇NδgMQ −∇QδgMN)
+
1
2
[(∇MδgPQ)∇NδgPQ + 2(∇P δgQM)∇P δgQN − 2(∇P δgQM)∇QδgPN ].
(130)
Lastly, substituting into the second term of the cubic action (127), one finds [30]
1
3!
δ(1)
∫
M
√−g 1
2
(LMN − 12gMNL)δgMN = −16
∫
M
√−g¯(VMN − 12 g¯MNV )δgMN . (131)
The total derivative terms omitted from the cubic action in [30] are those we give in (128). We do
not throw away these terms, and keep their contribution (from both boundary and horizon) to the
retarded momentum space 3-point stress tensor correlators.
23LMN given in equation (2.6) in [30] has been further simplified by commuting two covariant derivatives, and
subsequently using that the AdS curvature tensor is RMPNQ = −(gMNδQP − gPNδQM )R−2AdS. Arutyunov and Frolov
have further set RAdS = 1.
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For the correlators we evaluate in Section 3.2, we only need cubic vertices of one tensor mode
and two shear modes. This cuts down significantly the number of relevant terms from the cubic
action (127).
The Gibbons-Hawking term contribution to the cubic action is most easily evaluated by making
explicit use of the gauge condition δgM5 = 0 and of the form of the unit normal vector to the
boundary (121):
δ(3)SGH = 13δ(1)(δ(2)SGH)
= 1
3
δ(1)
[ ∫
u=0
√−gg¯55
(
(δgµν − 1
2
gµνδgρρ)∂5δgµν − (δgµρδgνρ − 12δgρρδgµν)∂5gµν
+1
4
(δgµνδgµν − 12(δgµµ)2)gρσ∂5gρσ
)]
=
∫
u=0
√−g¯g¯55
[
−
(
δgµρ δg
νρ − 1
2
δgµνδgρρ − 14 g¯µν(δgρσδgρσ − 12(δgρρ)2)
)
∂5δgµν
+
(
δgµρδgρσδg
νσ − 1
2
δgρρδg
µσδgνσ − 14δgµν(δgρσδgρσ − 12(δgρρ)2)
)
∂5g¯µν
−1
6
(
δgµνδgµρδg
ρ
ν − 34δgµνδgµνδgρρ + 18(δgρρ)3
)
g¯ζτ∂5g¯ζτ
]
. (132)
The cubic action δ(3)S is given by the sum of δ(3)SEH + δ(3)SGH and of the cubic expansion of the
boundary counterterms, multiplied by the gravitational prefactor N2c /(26π2).
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